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Abstract In the framework of Faddeev-Senjanovic (FS) path-integral quantization, CP'
nonlinear ¢ model coupled to Non-Abelian Chern-Simons (CS) fields is quantized. Gen-
eralized canonical Ward identities (WI) are deduced from the invariance of the canonical
effective action under gauge transformations, which are obtained from the generators of
gauge transformations, including all first-class constraints, in Dirac’s sense. The generalized
canonical WI has brief form and is equivalent to canonical WI under gauge transformations
in Dirac’s sense.

Keywords Quantum symmetries - Ward identities - CS theory - Path-integral quantization
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1 Introduction

CP' and O(3) nonlinear o models have interested some physicists [1—4] for a long time.
Especially, their quantum symmetrical characteristics, the fractional spin and fractional sta-
tistics, always have attracted some people, working at quantum field and nuclear physics,
to discuss [4—14]. In these papers, Noether theorem (NT) and WI were usually and widely
used. For example, canonical NT had been used to discuss the fractional spin and fractional
statistics of CP' and O(3) nonlinear o models with Abelian CS fields [4, 8, 12], or with
Non-Abelian CS fields [13, 14], or with Maxwell CS term [10, 11], and it has been used to
discuss the relations between fractional spins and Non-Abelian CS fields [14], too.

This project is supported by Foundation of National Natural Science (10671086), Foundation of
Shandong Natural Science (Y2007A01) and National Laboratory for Superlattices and Microstructures
(CHIG200605).

Y.-L. Wang (X)
Institute of Condensed Matter of Physics, Linyi Normal University, Linyi 276005, China
e-mail: wylong322@163.com

Y.-L. Wang
Department of Physics, Linyi Normal University, Linyi 276005, China

@ Springer


mailto:wylong322@163.com

Int J Theor Phys (2009) 48: 1422-1430 1423

WI has passed a long time for development, too. Since WI relating the Green functional
in QED were first obtained by Ward [15] and Takahashi [16], it had been generalized by
Slavnov [17] and Taylor [18], and it had been introduced into constrained canonical Hamil-
tonian systems by Li [19-21]. They are very useful and effective tools in modern quantum
fields and particles. In past years, WI and generalizations have been generalized to super-
symmetry [22], superstring [23] theories and other fields. All most of these WI and general-
izations are deduced from the invariance of a canonical action under gauge transformations,
not a canonical effective action. In this paper, a generalized WI will be deduced from the
invariance of a canonical effective action under Diarc’s gauge transformations, which are
applied to CP! nonlinear sigma model coupling with Non-Abelian Chern-Simons fields to
give results in brief form.

Dirac’s conjecture is well known to everybody, that is, all the first-class constraints in
a constrained Hamiltonian system are generators of gauge transformations. Generators of
gauge transformation can give gauge transformation, under which some actions are invari-
ant which will bring out unchanged variables or some invariant identities [26]. For a con-
strained Hamiltonian system, a canonical effective Lagrangian is more general and exact
than a canonical Lagrangian, because it contains a canonical Lagrangian, all the constraints
including first-class and second-class, and the gauge conditions corresponding to the firs-
class constraints, and ghost fields. In Dirac’s sense, the gauge conditions are introduced
to change all first-class constraints into second-class constraints, but all second-class con-
straints are invariant under gauge transformations [27-29]. It is, therefore, very easy to see,
once ghost fields are invariant under the gauge transformations, that the canonical effective
action would be invariant, from which generalized canonical WI are given.

Our paper is recognized as follows. In Sect. 2, CP' nonlinear sigma model coupled to
Non-Abelian Chern-Simons fields is considered as an example to quantized in the frame-
work of Faddeev-Senjanovic path-integral quantization. In Sect. 3, the generalized WI are
deduced from the invariance of the canonical effective action under the Dirac’s gauge trans-
formation. In Sect. 4, we conclude that the generalized WI is equivalent to canonical WI
under the gauge transformations in Dirac’s sense, but it has brief form.

2 Quantization

We consider CP! nonlinear ¢ model coupled to Non-Abelian CS fields in (2 + 1) dimen-
sional space-time, the Lagrangian density is [30, 31]

1 n 1 .
L£= ?(DMZk)*(DMZk) - e (aMA‘iAi + gf;fCAZAﬁAi) M
where f is coupling constant, subindexes k = 1,2, u,v,A =0,1,2 and Z; is a two-
component complex fields which satisfies the following constraint

L Zi=Z\1*+ 12 =1, 2)

and the covariant derivative D, = 9, — i T“AZ, A, are the Non-Abelian CS fields, and T*
are generators of gauge group, {T¢, T*} =if£T¢, w(T*T") = 16°. The gauge invariance
of Non-Abelian CS fields requires the parameter n =0, &1, +2, 43, . ... The canonical mo-

menta 7y, 777 with respect to Zy, Z;, and 7/, 7y with respect to A;, Ag are

T —E—l(DZ)* 3
k—aZ-k—f 0Zk) s

@ Springer



1424 Int J Theor Phys (2009) 48: 1422-1430

aL 1
)= — = —DyZF, 4)
azy f
9L N
.a = —_—m——=— l-/Aa.’ 5
i DA; gt ©
aL
7Ta = — =0, 6
7 94, ©

respectively, and the convention £°!2 = ¢! = 1 is used. Equations (5) and (6) both are pri-
mary constraints. According to all of the previous canonical momenta, the canonical Hamil-
tonian of the considered system can be written as

H, :/dz-xjfc

2 % 1 * a n ij pa a
= | &x| fomi + ?(Dizk) (DiZp) — Ay F Fij+Jo )
where
Fij = 0iA5 =9, A + gfj. A AS, ®)
J¢ = —i(mZ — Zim)). )

Furthermore, the corresponding total Hamiltonian can be given by
n .
Hr =/d2x |:}€C + AT + <7‘[f — S—SijA/“) + no(Zi Z;; — 1)]. (10)
T

Following Dirac-Bergmann method, only the consistency conditions of the primary con-
straints, {my, Hy} ~ 0, and {Z Z; — 1, Hr} ~ 0, lead to two secondary constraints as

n ij a a ~o
gsfFij—i- ¢~ 0, (11)
7% 7, + (7*Z)* = 0. (12)

The stationarity of the rest primary constraints lead to the equation for determining the
Lagrangian multipliers A{. The consistency conditions of the secondary constraints (11) and
(12) do not give rise to more additional constraints. Similar to the Non-Abelian CS theories
[32], we choose the linear combination of constraints as

AG =78 ~0, (13)
a iNa n ij a a ~

A§ = (D) + 8—ne-’8iAj +J§ =0, (14)
a n 2a ~

b =i — - A* ~0, (15)
a n la

0 =1 +-—A“~0, (16)

8
0 =2 Z; —1=0, a7
04 =7Z'kZ;:+JT:Zk%0. (18)
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It is easy to check that only A§ and A{ both are first-class constraints, and the rest 6y, 65, 63
and 6, are second-class constraints.

In the framework of FS path-integral quantization, gauge conditions should be introduced
to correspond to first-class constraint each other. We consider the Coulomb gauge

Q=0"AY~0 19)
and its consistency condition, Qg ~ 0, as another gauge condition Q{ as
Qf ={Q5, Hr} =d'n/ + V?A§ — fLAP A5~ 0 (20)

with respect to first-class constraints (13) and (14), respectively. Introduced exterior sources
J =g, Ik, Ji¥) with respect to the field variables ¢ = (A% Zy, Z}), and exterior sources
K = (K}, K*, K**) correspond to the field variables mw = (7/, 7k, %), the phase-space
generating functional of Green function can be written as

Z[J]:/@A;@n;i)zk@nkﬂ)zza)nk*s(A)a(sz)sw)det|Aa,Qk|[det|9i“,9j?|]%

xexp{i/d4x(£P+J¢+Kn)}. (1)

In above equation (21), it is easy to calculate that

det|AY, QF| = det | M|8P (¥ — y)| (22)
where
_Sahv2+ fa Az_,'ai 0 X .
ab __ 8 beti = ab qi g a pcqi
M _[ 0 5y 4 gpe acy | = T8 sl A (23)

The factor det [{A¢, 2¢}|8 (8iAf) in the right side of expression (21) can be replaced by
dethLS(a"AZ)| [33], where

My = (89", — gfLAS")8P (X — ¥). (24)

Using the integral properties of the Grassmann variables C(x) and € (x), we obtain

det[{A,(x), B"(")} = / @émcbexp[i / d3yéa<x){Aa(x>,B”(y)}cb@)] (25)

According to the properties of § function and the integral characters of Grassmann variables
C(x) and C(x), the generating functional (21) can be rewritten as

ZIJ, K, E &, X, Y] = / DALDT) DZ, D DZ; D™ DCDC*
X exp{i/d4x(£5ﬁ- +J¢+Km +&,C
+ C%, + X{1E + Y,,ﬁ)} (26)
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where
- 1 1
P _ pP a ya b k Aa 1 ay2 ay2
£eﬁr—£ —BHC DvbC +)\.aAk+,LL91—2T.[l(QI) - 2#.[2(8MAM) (27)

is called canonical effective Lagrangian density, in which A% and p/ are multiplier fields,
£, and £, are exterior sources introduced with respect to ghost C¢ and C?, respectively,
and X¢ and Y; are exterior sources introduced with respect to multiplier fields A% and 1/,
respectively.

3 Generalized Canonical WI
In order to discuss the quantum symmetries, generalized canonical WI, we construct gauge
transformations for the system (1) first. Assuming Dirac’s conjecture valid, all the first-class

constraints are the generators of the gauge transformations, and basing on the two first-class
constraints (13) and (14), the generator of the gauge transformations can be expressed as

G = /d%c[é(x)Ag + e(x)A§]

o a ia no i a a
:/d2x[en0+s<1) 7| +§813,-Aj+10>]. (28)
This generator can generate the gauge transformations required as

8Zy ={Zi, G} = —igZ;,
5ZF = (2!, Gy = ieZ},
SAL = (AL, G) = &,

SA! ={A],G}=¢D;8(X — ), (29)
Sk = {71", G}l=iem,
stk = (7", G} = —ien},

Sui={rl, G} = _éggifaja(z — 5,

and the gauge transformations of all the rest variables are zeros. Furthermore, we will have
studied, under the gauge transformations (29), the variation of the canonical effective action
is given by

AIP — di ok eff 57 I eff §7* S A eff SAY
off / xe[( T 57, r+ T (SZ,’: v T T, SA? ;

.. OH,
+/d3x 0 — )54
sAS

+/d3xD[nkSZk + a8 Zr + w8 A + w8 AG] (30

where Hyy = [ d*xH,p is an canonical effective Hamiltonian with respect to the canonical
effective Lagrangian L}, = [, d”x£;. It is supposed that the Jacobian of the gauge trans-
formations (29) equals to unity, and the generating functional (26) is invariant under the
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gauge transformations (29), we can obtain the following form

ZIJ,K,E &, X, Y] :/@4;:071@6“@(:”[1 +iA1;;,.+ie/d3x(15¢+1<sn)] ,
. T—0L/0P
¢——i8/8J

xZ[J,K,E & X, Y]. 31

According to the previous equations (30) and (31), the phase-space generating functional
(26) satisfies the following form

3 o OHy e OHep . SHyr a
d'xyel| —7" — 8Z+ | —7 8Z; + | —m, — SA;
SZk SZk SA¢

8H .
+ (—fr}j - M‘f’)aAg + DIr*8Zy + n**8Z; + w8 AL + n05 AL
0

+(16¢+K8n)} ZIJ,K,E, £, X,Y]=0. (32)
T—>dL/0P
d—>—i8/8J

Under the gauge transformations (29), the canonical action I” is invariant that is well
known. And it is well known that under gauge transformations (29) all the second-class
constraints are invariant, for which the term I,, = [ £,,d*x is also invariant because that all
the first-class constraints have been changed into second-class ones by introducing the cor-
responding gauge conditions, and the ghost term I, I, = [ £,d*x = [ (3,C? D¢, C")d’x,
is also invariant because that §C(x) = 0 and §C (x) = 0 in (29). To summery all previous
analysis, it is easy to know that the canonical effective action I %, o 18 invariant [34, 35]. There-
fore, (32) can be simplified as

/ Bx{(T5¢ + KO0 n e nigsissss 210, K B 6. X, Y] = 0. (33)

Substituting the gauge transformations (29) into (33), we can obtain

3 k 8 ks 8 0 8
/d { [J (—m>+J (wk*) dJ, + I, (D) )+Kk<8Kk>

1) n .
Kl —— Ko ——¢£(9,) D JO
+ k< 8K,f) + & ( 8" 9;) >:| +De “)}naax/aé

6—>—i8/8J

x Z[J, K, E, €, X, Y]=0 (34)

or

8 8 8
JE— 4k —30J) — DY+ Ky—
[ sk T s T S

—K; —&9 K| Z[J, K, E, &, X,Y]=0. 35
k(SKk+8 € } [ 3 1 (35)

Let Z[J, K, § E X, Y]=expliW[J, K, §_§ X, Y]} and use the definition of the generating
functional of proper vertices I'[¢, &, C*, C*, A, u] which is given by performing a func-
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tional Legendre transformation on W[J, K, &, £, X, Y],
[lg, 7, C% C A ul =WI[J, K, E & X, Y]

— /d2x(1¢> + K +£,C*+£C+ XA+ vy (36)

and
8W_¢ 5T ;
s§J sp
sW ST x
— =TT <:> —_—= - s
sK S
sW 8T -
— =C' <= as
38, sCe
37
aw_éa 5T : (37
8, sCa 7
sW ok 5T ya
sx¢ e Sk ko
W, 5T
sy, M ! !
Then (35) can be simplified as
5T ST ST ST ST 5T n .. 8¢
Zi— —Z — + 3p— + D¢ — gk —— 4 gk — —6Y9°— =0. (38
5z “ozp T Osag TUsar T s T a8t U G8

By functionally differentiating (38) with respect to Z; and Z;, and set all fields equal to
zero,p=n =C*=C*= )J; = 1! =0, we can get a peculiar generalized canonical WI as

8r 82r 8T
M ————— =5§(x; — x2) —8(x1 —x3)
'8Z;8Zi8 A 8Z18ZF 8Z;87;
. 83r
4 Mgiige__ %20 (39)

87 ' 8Z;8Zidm

Similarly, differentiating (38) many times with respect to field variables and setting all fields
equal to zero, one can obtain various generalized canonical WI for proper vertices.

If we consider that under the transformations (29) the canonical action 17 = f d>x L7 is
invariant, the change of canonical effective action will be rewritten as

SH' SH' SH' SH'
A1;;,:fd3xg L5z, — —Lszr — —Lsar — —Lsag (40)
& 8Zy 8Z; SA¢ 8A§
where
/ 3 ~a rya b k aa 1 ! ay2 ) noAaN2
Heﬁ,:/d x|:8,LC D}, C° — A Ay — 0 + 7(91) +7(8 A7) ] 41)
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Therefore, (33) have to be replaced by the following form

SH, 4 SH/, SH
/d3x{ [— b5z, — —Lszr — —Lspe - eﬁ”aAg} + (J8¢ + K87)

§Zy 8Z; SAY SAG T—>3L)3¢
¢—>—i8/8J
x Z[J,K,E,€,X,Y]=0. (42)

If you would like to get the resultant equation (38) from (42), you have to confirm the
following equation

S Hyy o o SH g
8Z; — 8Z; — SAY — 5A%=0. (43)
37, 5Z} SA A

This work is not an easy thing to be done directly. But in Dirac’s sense, this expression can be
demonstrated easily because under the gauge transformation (29) the variances of the ghost
fields, and the variances of the second-class constraints, and the first-class ones and their
corresponding gauge conditions are zeros. Therefore, under Dirac’s gauge transformations
the invariance of canonical effective action is equivalent to the ones of canonical action.
Furthermore, (38) has special generalities in fields and particles, from which many Feymann
rules can be given.

4 Conclusion

In many papers, for constrained canonical systems canonical WI had been discussed from lo-
cal gauge transformations [19, 36, 37], non-local gauge transformations [38—40], and global
gauge transformations [41, 42]. They were seldom to get the gauge transformations de-
duced from the generators of gauge transformations in Dirac’s sense. In a book [43], the au-
thors and their coworkers had discussed canonical WI from gauge transformations in Dirac’s
sense, but they were based on canonical action invariant under the gauge transformations,
for example WI (42). But we deduced WI based on the canonical effective action invariant
under the gauge transformations in Dirac’s sense, for example WI (33). This method can be
used widely to many practical physical systems, because two reasons, one is that all the first-
class constraints can be changed into second-class constraints by introducing suitable gauge
conditions, all the second-class constraints are invariant under the gauge transformations in
Dirac’s sense, the other is that the generators of the gauge transformations are combined by
primary and secondary first-class constraints which are deduced before ghost fields intro-
duced, in other words, the variance of all the ghost fields can be vanished from the canonical
effective action. It is well known that a canonical effective Lagrangian consists of canonical
Lagrangian, and all the constraints including first-class and second-class, and the chosen
gauge conditions corresponding to the first-class constraints, and the ghost fields. In Dirac’s
sense, the rest three parts in the canonical effective action except the canonical action,the
front two terms are invariant and the third can be vanished under the gauge transformation in
Dirac’s sense, which means that the invariance of the canonical effective action is equivalent
to the invariance of the canonical action.

The most advantage of the above derivation for WI of proper vertices is that one does not
need to carry out explicitly the integration over the canonical momenta in the phase-space
generating functional as one usually does. In a general case it is not possible to carry out
this integration. But we still need to pay our attention on that all constraints in constrained
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canonical systems (including all first-class constraints, second-class constraints and gauge
conditions) are invariant under the gauge transformations produced by the generators in

Dirac’s sense. Many important constrained physical systems need to discuss further.
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